Model checking is a generic verification technique that allows the phylogeneticist to focus on models and specifications instead of on implementation issues. Phylogenetic trees are considered as transition systems over which we interrogate phylogenetic questions written as formulas of temporal logic. Nonetheless, standard logics become insufficient for certain practices of phylogenetic analysis since they do not allow the inclusion of explicit time and probabilities. The aim of this paper is to extend the application of model checking techniques beyond qualitative phylogenetic properties and adapt the existing logical extensions and tools to the field of phylogeny. The introduction of time and probabilities in phylogenetic specifications is motivated by the study of a real example: the analysis of the ratio of lactose intolerance in some populations and the date of appearance of this phenotype.
Introduction
A phylogenetic tree is a description of the evolution process which is discovered via molecular sequencing data and morphological data matrices [1] . Computer science tools have upgraded the capabilities of biologists for their construction as well as for extracting and analyzing the implicit biological messages embedded on them [2, 3] . Nowadays, more and more applications rely on the existence of a support phylogenetic tree for the confirmation of biological hypothesis that are valuable for the scientific community. In this sense, we use a phylogenetic tree for testing biological hypothesis. Indirectly, the evaluation results help to feedback the phylogeny and increase its quality.
The wide range of heterogeneous methods and tools used by biologists for the analysis of phylogenies and verification tasks recommends the possibility of researching in a generic framework for heterogeneous hypothesis testing over trees. One of the most relevant challenges is the introduction of a generic framework for heterogeneous hypothesis verification over trees.
To this end, we have explored the features of model checking, a paradigm stemming from computer science based on temporal logics which has been successfully applied in industry for system modeling and verification [4] . Model checking has been proposed as a generic unifying framework that allows the phylogeneticist to focus on tree structures, biological properties and symbolic manipulation of phylogenies described using temporal logic, instead of on implementation issues concerned with verification algorithms [5, 6] . The basic principles allowing the use of this framework in the context of phylogeny is the interpretation of the phylogenetic tree as a transition system (in the context of computer science) representing a computational model of the evolution process. Now, the next step is to formulate the property that we desire to investigate in a given phylogeny using a formal language as, for example, the Computational Tree Logic (CTL [7] ). Besides, model checking allows us to uncouple software tools from the definition of properties and it hides the underlying implementation technology [7] . Even, phylogenetic properties can be exported and evaluated in other structures (i.e., trees or networks) with minimum effort.
Standard logics such as CTL allow to express biological properties referred to the structure of the tree or the composition of the DNA sequence [5] . Some of the phylogenetic hypothesis are extended with explicit time and probabilities in the specifications and models. A small but representative portion of these researches combine phylogenetic trees (constructed via the mentioned tools using the information of the genome) with geographical or phenotypical data in order to trace the epoch of human migrations or the distribution of endemic diseases [8, 9] .
Although time and probabilities are not directly supported by qualitative logics, they can be considered doing several modifications to the traditional model checking framework. To do that, we need to complete the tree with quantitative labels that include extra information beyond the original propositional information of the states [10] . These numerical annotations of the tree changes with every particular study, but they are commonly divided in a) timed or distance information, b) probabilistic information and c) raw quantitative information. The first two ones are mainly related to the labeling of the tree branches [11] . The last one is more general and involves numerical values and comparisons in the atomic propositions. On the other hand, we must define a formal language that extends the CTL logic in order to capture the new numerical information.
Hence, the aim of this paper is to analyze the requirements of non-qualitative phylogenetic properties, adapt the existing probabilistic and timed extensions to temporal logics and use the associated model checking tools in the field of phylogeny. The introduction of time and probabilities in phylogenetic specifications is motivated by means of a real example: the study of the lactose intolerance. Here, we develop and extend the work presented in [12] . The paper is divided in seven sections. After this introduction, Section 2 explains a real example that motivates the definition of the discrete-time probabilistic logic and structures of Section 3. Next, Section 4 details an algorithm of model checking that computes the probabilities and verifies the logical specifications over the phylogenetic tree. Later, Section 5 shows the experimentation with a temporal and probabilistic model checking tool. Section 6 applies the previous concepts and techniques to the particular study of the lactose tolerance in Tibetan populations. Finally, Section 7 briefs the conclusions and draws the future work.
Motivation and Presentation of the Case of Study
A phylogenetic tree is a directed graph that offers a realistic model of aggregated evolution in which each vertex represents an inferred state of the evolution characterized by biological sequences (e.g., DNA) [5] . The phylogenies are occasionally enriched with time labels or weights in the edges. This knowledge is useful for learning complex properties about the evolution, for instance, the estimation of the temporal point of divergence between species [13] or the diaspora of human populations [9] . The extension of the phylogenetic properties in [5, Table 1 ] with time and probabilities increases the expressivity of biological hypothesis.
We will study the following example. The lactose intolerance in adults is a chronic disease caused by the inhibition of the lactase gene after the breastfeeding and childhood. The inability for processing the milk and its derivations is not homogeneously distributed in the human population. While in some African pastoralist groups of North/East Africa and the northern cultures of Europe their stock breeding tradition and diet motivated an evolutionary adaptation to digest the milk (> 70% of tolerance), the percentage of acceptation decreases in the rest of areas and ethnic groups [14, 8] . In addition, the phenotype in Europe and Africa appeared at a different epoch and the point mutations that regulate the activation of the lactase persistence are disparate [15, 16] . Some illustrative questions that we desire to ask to the phylogeny, and that are expressed below, require the addition of time to the branches of a population tree. The time allows the estimation of the divergence points between individuals or mutations, while the probability of the lactose persistence in different zones is calculated through the study of the distribution of the point mutations that regulate the phenotype. The questions are:
• What is the rate of lactase persistence in a population? i.e., do their members define a characteristic haplogroup? and in that case,
• Which polymorphism, among the multiple activators and inhibitors of the lactase gene, is the most frequent over there? and finally,
• When did this phenotype approximately start to predominate? i.e., does this date mark a major event in the diet, culture or migration of that population?
These properties ask about the time (dates) and probabilities (frequencies/rates) over a phylogeny. They can be solved including time and probabilities in the model and specifications. In order to answer questions about the time, we need to scale the edges of the tree with weights representing the amount of nucleotide changes according to a mutation clock of reference. The notion of time introduced here embeds the concept of evolutionary or chronological clock. On the other hand, the probability expressing the ratio of states satisfying a property is obtained by traversing the tree and calculating the phenotypical density.
Thus, the deductive process that answers the queries also needs the manipulation of quantitative information. To this end, we must introduce a logic, a transition system and a model checking algorithm capable of expressing and managing these kind of questions. Firstly, we introduce the logic. The logic presented in Section 3 covers two aspects: the qualitative properties presented in our previous works [5] , and the phylogenetic hypothesis studied in this paper.
Discrete-time Probabilistic Logic and Structure
In this section we are considering a phylogenetic tree enriched with numerical information that tells the probability of selecting a branch descending from an internal node. Therefore, we can analyze properties like: what is the probability of reaching a set of states of the tree from the root? The logic and data structure defined here settle the basis for future updates and extensions for continuous-time systems [17] . Stochastic systems generally use Markov chains as the underlying data structure that provides semantics to the verification process. Discrete-time Markov chains capture the essentials of probabilities between states of the tree and implicitly associates an unit time step to every transition of the system. Definition 1 (Discrete-time Markov Chain) A discrete-time Markov chain is a finite transition system represented by a tuple M = (S, S 0 , P, L), where:
• S is a finite set of states,
• S 0 ⊆ S is the set of initial states,
is the transition probability matrix that indicates the probability of moving from a state s i to a state s j satisfying Σ s j ∈S P (s i , s j ) = 1, and
AP is the labeling function that associates each state with the subset of atomic propositions (AP) that are true of it.
A phylogenetic tree is assimilated to a discrete-time Markov chain making the corresponding association of states to the definition of phylogeny ([5, Definition 3]). The leaves are labeled with the genome information of the population or species they represent, plus additional data when necessary. Each branch of the phylogeny is labelled with an element P(s i , s i+1 ) > 0 of the transition probability matrix. This value gives the probability of moving from state s i to state s i+1 in one time step. The self-loops of the terminal leaves in the Kripke structure of a branching-time phylogeny are represented by a single transition going back to the same state with probability 1 in the transition probability matrix (Figure 1 ).
For any set of infinite paths Π starting in the initial state s 0 , the subset Π(π n ) selects the paths π ∈ Π whose prefix equals to the finite sequence π n = s 0 s 1 s 2 . . . s n of length n + 1 states. The set of infinite sequences sharing the prefix π n has probability P r(Π(π n )) = P Π (π n ). The probability P Π (π n ) is calculated as the product of probabilities for each intermediate transition, except for paths with unitary length in which case n = 0, π 0 = s 0 and
Bayesian model checking methods allow for analyzing stochastic systems [18] . Probabilistic CTL (PCTL) [19, 20, 7] helps to formulate conditions on a discrete-time Markov chain. The properties are referred to state formulas (φ) or path formulas (Φ). Besides, PCTL allows enriched queries such as P ∼λ (Φ). Given an initial state s and a comparison ∼∈ {<, ≤, =, ≥, >}, the operator P ∼λ (Φ) returns true if the probability for a set of paths satisfying Φ is ∼ λ, with λ ∈ [0, 1].
Definition 2 (Probabilistic Computation Tree Logic) A temporal logic formula φ is defined by the following grammar, where p ∈ AP , k ∈ N ∪ {∞}:
(1)
The formulas are checked against a structure M considering all infinite paths π ∈ Π from a certain state s 0 . Notice that M, s 0 φ means that s 0 satisfies φ. The semantics of well-formed formulas is as follows (let π = s 0 s 1 s 2 . . .):
The calculation of the probability P rob(M, s 0 , Φ) requires the identification of the infinite paths π satisfying the path formula M, π Φ:
This set, {π ∈ Π | M, π Φ}, can be obtained by the union of finitely many pairwise disjoint subsets Π(π n ) by [17, Definition 3] , each one characterized by the finite prefix π n of all infinite sequences of the set.
Therefore, P rob(M, s 0 , Φ) = P r{π ∈ Π | M, π Φ} = Σ πn P r(Π(π n )) computes the probability as the summation of probabilities in all possible prefixes π n by [17, Theorem 1] .
The logic supports timed transitions in the U operator. The notion of time in a Markov chain falls within the concept of state distances. Each state transition of the discrete-time Markov chain involves an unit time step. A mapping between the chronological time and state distances allows the inference of the evolutionary speed in the branches of the phylogenetic tree. The computation of time and probabilities are embedded in the model checking algorithm. Timed variants of the modal operators F and G are obtained via U as F ∼c φ = true U ∼c φ and G ∼c φ = ¬F ∼c ¬φ. Instead of writing the intervals explicitly, sometimes they are abbreviated with comparisons. For example, P ≤0. 5 [Φ] denotes P [0,0.5] [Φ]. Almost every property expressed in CTL is compatible with PCTL, which guarantees that the same logic PCTL will be able to handle a great number of formulas.
By now, we can translate the questions presented in the motivation example of lactose into the PCTL syntax. In a phylogenetic tree, the tips correspond to individuals of disjoint populations whose states are tagged with their DNA and a boolean indicating if they are lactose (in)tolerant. The internal nodes of the inferred ancestors are labeled with their estimated DNA sequence and lactose phenotype as well. The following equation asks if there exists an ancestor (P >0 ) at distance 3 or above from the initial state (F ≥3 ) that is the root of a population with lactase persistence over 70% (P ≥0.7 [F ≥0 lactose tolerant]). The members of a population, including the leaves and internal nodes, are reached by F ≥0 .
The outer restriction P >0 [F ≥3 ] corresponds to the question 3 of the motivation. It searches for an internal node from which the phenotype starts to be predominant after a certain date since the phylogenetic root. The inner formula P ≥0.7 [F ≥0 lactose tolerant] answers the question 1 about the rate of lactase persistence in a population. Finally, the addition of a genetic marker in this place inside the P ≥0.7 equation helps to investigate the relation between a polymorphism and phenotype (question 2). The evaluation of the formulas needs the algorithm introduced in the next section.
Algorithm for PCTL Model Checking
The algorithm for managing and solving PCTL formulas in stochastic systems is mainly identical to that of classic model checking except for the resolution of P ∼λ [Φ], i.e., the X and U operators with probability thresholds. In short, the recursive algorithm of model checking incorporates the new sentence [7] :
In PCTL, the probability of satisfying the next operator requires the probabilities of the immediate transitions from s. It is resolved by P rob(M, s, Xφ) = Σ s ∈Sat(φ) P(s, s ).
The computation of the probability for the until operator depends on the value of k. For k ∈ N, then P rob(M, s, ψU ≤k φ) is:
When k = ∞, the until operator is analogous to the original until operator of CTL with semantics of infinite paths. That is, P rob(M, s, ψU ≤∞ φ) can be rewritten as P rob(M, s, ψUφ) and it equals to:
The time complexity of verifying a PCTL formula φ against a discrete-time Markov chain is linear in |φ| and polynomial in the size of S, with |φ| the number of logical connectives and temporal operators of the formula. In short, Θ(poly|S|) * k max * |φ|) where k max is the maximal step bound of a path subformula ψ 1 U ≤k ψ 2 of φ, with k max = 1 if it doesn't contain any U ≤k subformula.
In sum, most of the investigations related with quantitative information are a prolongation of the phylogenetic properties analyzed with qualitative logics. Consequently, the inconveniences presented in [5] would appear even more dramatically now. Some of the techniques introduced for the optimization and scalability in classic model checking environments also work for this context [21] . For example, the incorporation of external data bases for storing the labeling of the states is compatible with any kind of atomic propositions, quantitative or not. Besides, the inclusion of databases allows the storage of previous results that can be reused in the future without reevaluation. The vertical and horizontal partitioning of the database table adds an extra dimension of parallelism. Furthermore, the summations in the computation of probability paths, specially with the U ≤k operator, could be executed in parallel.
Model Checking Tools and Experimentation
There exists a considerable diversity of model checking tools with different performances [22] and qualities (Table 1) . PRISM [23] is a generic model checking tool capable of handling probabilistic and timed specifications over Markov chains. Among its basic conceptions, PRISM checks if the probability of reaching a set of satisfiable states is up or below a predefined threshold. Although the real performance depends on the particular structure of the model and specifications, PRISM offers Java portability, a powerful syntax for handling time and probabilities in models and specifications, and a good scientific community support. Besides, it is open source, which allows the modification and optimization of its code. Hence, PRISM becomes one of the best options for evaluating temporal and probabilistic properties.
The model checking tool requires two input files for the verification process: a first file with the description of the model, and a second file with the specification of the properties. A description of the phylogenetic tree in PRISM syntax musts be provided by the user as first input for the model checker. The description details the Kripke structure with the genome as atomic proposition. To this end, we precompute a sequence alignment and a phylogenetic tree.
The PRISM codification of the phylogeny follows the same idea presented for NuSMV in [5] . Figure 3 shows the implementation of the branching-time phylogenetic tree of Figure 1 in PRISM code. The main module describes the topology of the evolutionary tree, where the names of the tree nodes (taxa) are defined numerically (1, . . . , 5). PRISM distinguishes between the current state and the next state using the quotation mark ('). The second part of the description consists of a function returning the DNA string associated to each node, which evolves in synchronization with the tree skeleton ([id1] tags in PRISM). The translation of the phylogenetic tree to the PRISM syntax has been performed automatically by a BioPerl script [32] . The script can be upgraded in order to include extra features such as the generation of multiple instances of phylogenetic trees, bootstrapping and so on.
The data set used for this experimentation is synthetic. With this data set, we try to cover the spectrum of small phylogenies and analyze the cost of the evaluation of the lactose property over there. We have created random phylogenetic trees of up to 1000 tips with a Yule speciation model [33] . For each tree size (number of tips), we have generated ten random trees and calculated the harmonic mean time. The DNA sequences have 50 bases with an homogeneous distribution of nucleotides.
We have evaluated the lactose formula introduced in the motivation but enriched for the detection of polymorphisms. The underlying objective consists of the identification of a correlated evolution between lactose tolerance and genomic patterns. Other studies such as [8] use cultural information for discovering this coevolution and the influence of a milk-based diet. The utilization of phylogenetic comparative methods and regression techniques establishes the essentials of this approach.
The probability threshold of the internal
] the position where we search for the polymorphism and j a certain nucleotide. The Figure 2 plots the time required for the computation of 50 × 9 formulas corresponding to the expansion of i and x for all the columns of the alignment and probability bounds. All tests have been run on a Intel Core 2 Duo E6750 @ 2.66 GHz with 8 GB RAM and Linux.
PRISM performs well for the verification of the lactose formulas in small phylogenies as it follows a polynomial trend in time with respect to the number of tips. However, it requires the integration of new technologies and solutions to scale for larger phylogenetic trees and specifications. In fact, we desire to find the values of x, i and j for which the verification of the equation returns true. The definition of patterns is a common procedure, which intuitively leads to parametric model checking [34] . Nonetheless, mining for knowledge without prior information requires a more or less thorough exploration of the structure, which can be combinatorial in some or all of its dimensions. Although inherently parallel, the exhaustive inspection of potential solutions involves the test of large sets of formulas and an intensive use of the topology and information of each state. The application of parametric model checking for model exploration is a future extension that will increase the potential of our framework. 
Case of Study: Polymorphisms Regulating the Lactose Tolerance in Tibetan Populations
In previous sections, we presented the extensions of the model checking framework for manipulating time and probability that provides the conceptual base for this study. Additionally, the experimentation with a synthetic data set shows the feasibility of our approach. Now, in this section we apply the framework introduced in this paper to a particular example: the analysis of single nucleotide polymorphisms (SNPs) regulating the lactose tolerance in Tibetan populations [35] .
Here, we replicate the experimentation of [35] in order to emphasize that our proposal can be applied to a real case of study with similar results and performance, plus the inherent advantages of model checking. The DNA examined correspond to 495 Tibetan individuals. The sequences cover a region of 321 bp (position −14044 to −13724 upstream LCT) including the four SNPs associated to the lactose regulation in European and some Central Asia populations (−13910C/T), and in some African and Middle Eastern populations (−13907C/G, −13915T/G and −14010G/C). We have inferred a phylogenetic tree using the accelerated bootstrapping option of RAxML [36] and 100 bootstraps. It is supposed to organize the individuals in subtrees by prefecture and country. This phylogeny is the model over which we will evaluate the formulas in temporal logic.
More in detail, we evaluate formulas with the pattern P ≥0.8 [F ≤3 seq[i] = j] in every internal node of the tree and for each one of the three SNPs associated to the lactose persistence in Tibet. We search for a set of individuals clustered in the same subtree and sharing a nucleotide j in position i with frequency ≥ 80%. The internal nodes of the tree are easily identified symbolically with a proper labeling of the states. The execution of the complementary formula returns a counterexample with the common ancestors satisfying the equation. Table 2 shows the formulas evaluated in PRISM and their verification results. The third equation returns false because it is the rarest SNP according to [35] (only one person has that polymorphism). The results for the rest of equations match with the previous study of [35] . All tests have been run on a Intel Core 2 Duo E6750 @ 2.66 GHz with 8 GB RAM and Linux. The time required for the initialization of PRISM and the verification of the lactose formulas in every internal node of the phylogeny raises up to 19min 10s. The use of filters extends easily the evaluation to every internal node. 
Conclusions
Model checking represents a generic framework to support the analysis of qualitative properties over phylogenies [5, 6] . The model checking approach that we have proposed in our previous works considers a phylogenetic tree as a model of a particular system endowing an evolutionary process in which biological properties expressed with formal logics can be verified. A property is considered as a claim over the tree and, then, the verification determines the truth value for this claim. The evaluation of biological specifications may return counterexamples that validate, nullify or refine the phylogeny as a plausible model of the evolution during the tree construction phase. For example, we can detect and discard trees having an internal node with a lethal mutation in the DNA (according to certain biochemical constraints) because it should not generate offspring.
Nevertheless, some properties are beyond the expressiveness of qualitative logics. In this paper, we suggest to complete our framework including a new kind of information. Mainly, we have motivated the extension of model checking for phylogenetic analysis using quantitative data. We have proposed the inclusion of time and probabilities in the branches of the tree because of its natural interpretation in the phylogeny. In particular, we have presented a phylogenetic example based on the lactose (in)tolerance that needs these kind of information. To this end, we have introduced an extended logic and data structure adapted for probabilities and time together with the algorithms and computations for managing them. Our first goal has been the increase of the logical capabilities for querying about the date of appearance and degree of distribution of mutations and phenotypes.
Next, we have experimented with synthetic data in order to prove the feasibility of our approach with existing probabilistic model checking tools. Besides, we have used PRISM for the evaluation of the lactose persistence in a real case of study with Tibetan populations. PRISM is a generic model checking tool that performs well for small phylogenies in polynomial time with respect to the number of tips. The tool is independent of the application domain: it automatically verifies any proposition expressed with temporal logic over a model of the system.
However, it requires the integration of new technologies and solutions to scale for larger phylogenies and specifications due to the particularities of the phylogenetic analysis. Some of the ideas introduced for improving the performance of standard CTL model checking can be applied here. For example, the integration of PRISM with an external database constitutes a natural extension for storing atomic propositions and partial evaluation results that can be reused in the future analysis without recomputing them. The distribution of the Markov chain structure and the paralellization of the formula verification are stronger problems that should be studied in the future.
This work opens the door for the review of bigger phylogenies with properties similar to the lactose persistence. The modularity of our framework allows the evaluation of hypothesis and the comparison of results for a set of phylogenetic trees by only changing the tree file (the specification of the property remains constant). Finally, the search for the valuations that verify a certain specification leads to an intensive exploration of the formula space or the solution of linear systems. The introduction of parametric model checking for the automatic discovery and mining of phylogenetic information outlines our future work. Further studies may also focus on the evaluation of (quantitative) functions over the phylogeny, taking into account the temporal labels in the tree for determining the truth value of a formula. For instance, the computation of MLE scores falls in this category.
